MATH 308 N
Final Exam
December 12, 2019
Name

Student 1D #

HONOR STATEMENT
“I affirm that my work upholds the highest standards of honesty and academic integrity at the
University of Washington, and that I have neither given nor received any unauthorized assistance
on this exam.”

SIGNATURE:

1 9

2 14

3 10

4 10

5 8

6 18

7 11
Bonus | 5
Total | 80

e Your exam should consist of this cover sheet, followed by 7 problems and a bonus question.
Check that you have a complete exam.

e Pace yourself. You have 110 minutes to complete the exam and there are 7 problems. Try
not to spend more than 15 minutes on each problem.

e Show all your work and justify your answers.

e Your answers should be exact values rather than decimal approximations. (For example, 7
is an exact answer and is preferable to its decimal approximation 0.7854.)

e You may use TI-30X IIS calculator and one 8.5x11-inch sheet of handwritten notes. All
other electronic devices (including graphing calculators) are forbidden.

e The use of headphones or earbuds during the exam is not permitted.

e There are multiple versions of the exam, you have signed an honor statement, and cheating
is a hassle for everyone involved. DO NOT CHEAT.

e Turn your cell phone OFF and put it AWAY for the duration of the exam.

GOOD LUCK!
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EXTRA FORMULAS:

Area of a Square: Area = base - height

Area of a Parallelogram: Area = base - height

U1
U2

7] = \/v? + v2.

Length (Magnitude) of a vector in R?: Let ¢ = [ } , then

Dot product in R?: Let ¥ = {Zl} and W = {wl} be vectors in R2. Then

2 Wa
- o U1 w1
UV-w = . = VW1 + VWs.
V2 Wa

Angle between two vectors ¥ and @ in R?:

<y
]

cos (0) = |

<=
=
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1. (9 Points) True / False and Short Answer.

Clearly indicate whether the statement is true or false. Justify your answer. You may
cite properties from theorems.

(a) TRUE / FALSE A linear transformation 7' : R* — R3 can be one-to-one.

(b) TRUE / FALSE Let A be a 3 x 3 matrix whose eigenvalues are 3 of multiplicity 1
and 7 of multiplicity 2. Then A is invertible.

(¢) TRUE / FALSE If an n x n matrix A has an eigenvalue A = 0, then the row space
of A is equal to R™.
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2. (14 Points) Construct an example and short answer.

Give an example of each of the following. If there is no such example, write NOT POSSIBLE.
You do not need to justify solutions to parts (a) and (b), but you do need to justify work

where specified in part (c).

(a) Give an example of a 3 x 3 matrix A such that det(A) = 0 and rank(A) = 2.

(b) Give an example of a 2 x 4 matrix A with nullity(A) = 2 and

-l ][]}

(c) Fill in the blank Assume p(\) = (A+2)(A—1)?(A+1)? is the characteristic polynomial
of a matrix B. Then

i. Bisa X matrix.

ii. The eigenvalues of B are
iii. Is B invertible? Justify your answer.

iv. Is B guaranteed to be diagonalizable? If so, justify your answer. If not, explain
what you would need to know to guarantee B is diagonalizable.
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3. (10 Points)

(a) Clearly circle the sets of vectors below that permit a linear combination equal to {Z}

for any a, b real numbers. You are not required to show work on this part. You may
use your geometric intuition.

HREDRTHRENR AR
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(b) Assume you circled the correct sets in part (a). What is the span of each of the circled
sets?

(¢) Which of the circled sets are linearly independent sets? Justify your answer.

(d) Which of the non-circled sets are linearly independent sets? Justify your answer.
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4. (10 points) Let S = {y, s, U3} be a set of vectors in R* where

Ol W

(a) It turns out S is a linearly dependent set. Show this by writing 3 as a linear combi-
nation of #; and s, then explain why this shows S is linearly dependent.

(b) The set S does not span R*. You may take {u;, >} as a basis for the span of the set
S. Expand this basis to a basis for R*.
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5. (8 Points) You saw a similar problem on the first midterm. With our new machinery from
Chapter 5, try to find an easier way to solve it.

(a) Find all values of a such that the set of vectors {7, v5, 03} is linearly dependent.

1 1 2
nn=|21|,03=|-10|,03=
-3 a -5

HINT: Notice that there are three vectors in the set, and the vectors are in R3.

(b) Can you use part (a) to give the values of a such that the set spans R3? If so, what are
they? Explain your thinking.
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6. (18 points)

(a) Find the all eigenvalues of the matrix A = [ ) _2} :

(b) Find an eigenvector corresponding to each eigenvalue of the matrix.

(c) Express each eigenspace as of the span of a set of vectors.

(d) Is the matrix diagonalizable? If so, express the matrix in the form UDU™! for some
matrices U and D where D is a diagonal matrix. If not, justify.
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(e) This part has many steps. On the graph on the left: 1) draw and label the eigenspaces,
2) add the eigenvectors you chose and label them, and 3) draw a parallelogram with
two sides being the eigenvectors. On the graph on the right: 1) draw the eigenspaces,
and 2) draw the image of the parallelogram. You may scale vectors as needed so they
fit on the graph, but label clearly.

\J

(f) Compute the area of the parallelogram (on the left graph).

(g) Compute the area of the image of the parallelogram (on the right graph).

(h) How is the change in area related to the eigenvalues?

(i) Compute the determinant of D (the diagonal matrix from part d) and show it is the
same as the determinant of A, and describe how the determinant is related to change
in area.
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7. (11 points) Let 7 = E} Let # = { B} , B} } be a non-standard basis for R

(a) Compute [U]%. Note that ¢ is a vector in the standard basis.

. . . N I R
(b) Let € be another basis such that the change of basis matrix from % to % is [_ 3 12} )
2
In other words, one would apply this matrix to a vector written in the basis € to get

the same vector written in the basis #. Find [v].

(c) What is the basis €7 Justify your answer.
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BONUS: (5 points) Assume A and B are diagonalizable, square matrices and that A and
B have the same eigenspaces. Show that AB = BA. Be sure to justify your work.



