Lectuve #1722

\_@_;7_:_ Lne In-\eﬁm\s

Oue  nexd 3@\ s Yo learn B (ompwle liae. in’reﬂra\g/
S(’“\‘&;“‘“\\_‘) lae ir\’re,sm\s H\rwjk veeror fiddds

($hak of  fhe Vedor £ as Jloins work on a particle
as Wt Follows  some +Fc»‘)co*&3 \n the vecor field ), st

L\OWCVU, wC ne,w\ Yo ‘Some oWeJ \f\o“f'\of\s 'CI(S’(*,

We Qx\\ Dt Yl alout Liae el 5t espect do
OC \u@k) Hen e \(\Mm\s wi T N,S()ec\t fo ¥,
ten with wespeck to “j;' Then 'Qmo\\\B s 'wﬁtjfvx\s
Ovuw\zw\-’of fidds

frak  we patamedtize  cuves  and  undesstand

o i o

Each of ‘these wilh {ec(u\re

how Yo (ompwt  therm, The next pase

'S o C/\(\L,o\# Shetd fal of the. —L\Df VV\W\OCS we

W\ &\Lyz/\o(, The actual \c.e’t‘wt; starts on
Fhe Prye atto .



:O( w\f\ \f\r\z, '\(\*eﬁm\ wow we  assume the (urve C_

QO\& Qa\mme\r'tuﬁ bj a fanction P(‘tB ot 0&te b
Coed Flh= Lxw, g S, S
Lmq_ iﬂ*e'iad o) th rcs(cr)r -E AN. \—?J\jH‘

. t:=b
S S}(x’? ds = S\ WC(ﬂ(*r\,ju\}"\/x‘(ﬂz+J‘(+311olt
C =
{00

&)

L{\ﬂe, In%egm\' W“Qm wMSQC,e;\* Yo K

- \ X
X S\ftx,uj\ é\)« = X g'(%m,\:)tﬂ\‘ X\(w‘) At
C t=a .

L\ t’\L Ir\\' e/o\\m\\ W\\’(\A (\E,SQ CG:\' )\'O;'

| S‘%u,@ du) b S g(xm,ﬂm\ jmﬁ

2 t=a

Lie Taleata\ ovef Jeiter Fielh

=\
g

| t
| Sﬁ-d’? = «\dy < Sﬁ(w—m\ ¢ () at
C tra



5@\3 e have some. e Fuadion 5;(,%.33) and a cuve

\n Yhe (.X,&p P\ome, : L oxv\wa
0O
T N

3 o
e
~

R Call Hhiy curve C
Break the Curvt 1nto
a bunch of peces ...

.
V4
X

\ ; ‘ ’ ‘
A each po’ﬁr (x,j\ Q\Oﬂ3 +Han Cheve Qﬁx,xj\ ) some

Nuenbe ¢ |

TF we wanted Yo comp e Yoo area b e "(,W'\mfnr\\\
i« BLUE above, fhen we would need Yo (ompate

L" L L

— GQ he
02 B G L TR gl pe o arcleagthy

helgnt acso claredh win



The Ny of dns secomes an '\r\‘\zsm\ \

g S s
=

wheee Uy e wa{ Yeayeckory ard  Ag §y an

\\G'GG'\\'Lé\MQ\\j SW\O\\\ P"C’(’L O‘F arc ‘e((\fj.\,[ﬁ 2

Q_w BNow d() 309\ COMPW\C SM)« A +\'\n1}jr7.

er&rh te_cal\ 0\}‘0 \U\jﬂ"'
e o L= %{T:é% dx (e 102 k)
. 1

4 f -P ’,
Now, assume  we \Vw\,\l(. O\\Do\rqm}m’:o&:?f\ 0 C

= % (xu\)\ju\\ where 04t sbz
X (4)
’;Z «Ju)

T = <><m,jm

T\r\u\ | astie  (NoX Rlbo@owS \‘\)

TR A e s A

w

(00)




oo\ J\rof R L9 y
| A emn&f'\iﬂ"‘?aﬂ , W lavel

j(.!r\
Ax = aft LA = X' at |
dy= Gk = gt
SO
Ty T 2 !
ﬂ; "r&t) e \mﬁl + aj,
4

SEIRTC N

([ See. \Q T ointhe dext for a et ex()\‘qr\kf\‘LOf\ v You wa\n*.>
t=

- / =0
A GA, Scf(u,j\()s = % Llxun ) - -\r__,,____.,

N

7
EEE- The e \nkﬁfw\ i V’%()C&+ o arc \en\c)*\'\ 18

! | t:—b
S S;b('“)\ ds = S LOxw yWb) (x‘tﬂ,% 0 Q‘m)"’ ot
; 3 :
t=a
UJ\!\U'Q C‘ ‘\5 QA('O\W\&“"\RD\ bj <X (H) ) j(f)? ATk t ¢h

=b
/'t

e (x(b\)jth“
N / C

(x(od)y(a) )



So b beain, mshob the dine, our st chaleage i

Comeu¥tﬂ3 \ine 'm-}%rq\s 18 rcgre,&e.n*;’\j the  curve C

as a Pﬂ(“f)\mdﬂg ﬂetu,u‘\‘;on p/\'t .

F:X AMPLE | B aluade S(Z v ,J:Q e | where =
C

s the o pes hald  of +he o C«"\_r"\ﬁ'

STEP\ Parametnze C )
\-\efc.’ we have o circle !

A = € oot

: want =1 sine +hd 3
ju‘s =0 ant

O wnt d\l‘dﬁ,
NO’V“L, (Xto\,j(o\\ "Q:’O> ord s t fnctea§es)

(%U(\, 3&‘)3 MONES  (ounte Q'odcw[\)i.

. e . A

= T+ you woant o refresher on how o parawdrize
crides  (and e,\\'.w\/ g% the noes on (* )

K el comtte welge called ?m,w;\r:z.’nj Circleg

- ard EVgses Yt "ot Madeidls N section,



TLM, Lor  our QaMMc\»ﬁ%u‘*Ion ,

Cz ) = cost
| E o
3u3=smt for Dt ET
Tep2 | P\w3 O\NA C)M\b :
1
L=m x(ﬂ 30”

S}Z* ’KBMS - S (24— cosic siat ) \rw)) ;gm\ aH.
t=o0 /x Lﬂ:-s:n'E
< Y ‘ ‘3\(«‘\’\ 2t

: 8 Q*‘ Cos’LJc"v\”"Q 'Wl gintt + cos": Jt
5 .

S (Z"C@S + SO{)Q)'E
\) \A'Sw\p) C,oue}v\ You jd 0

ncgo&wc' us cost
\'Dc ¥ ‘@Q’&T‘ d“"’;j""*#'
%
@r\ v 3) )

P ’gs\




EXAN\Q\.E L S ™% As vt C ronsists ot The arc: Cq

!

= ot Hhe Pafoxbo\o\ 3 xt fom (0,0) Yo
(D) Followed by He verkal lne
) - Sﬁgmm* from O o (\2),
pRmat 0 |
C(l‘,\\ €T pletwise  Smeoth
(op)q E7N (confinuovs ; smobth on "pims“B

S’on\s = Sles *‘% 2% S
u . 5

STER-L ° LOM?VA'L S 'ZXAS :
c, '

L@* % L+§ ""-t . TM Srtﬂbe. 3=xz) ‘j L¥5>t2:
Acd we Nave A aramedti toh On\.

Ctxm% AR
\Ju'\:'tl | j
(Wt o westort ard ed L Glerkt £20, gt (00)
erd 2 gt (D

Then, plag and choy |



\17\5\5:\2{ mc)\ﬁ

C\ tzo j

AN 0=\ \3 ‘W=l

\
% 26 Y1+ 4t At
’ wb L uE Iy

dus deéjso %kdq: 2¢dt
ﬁ du |
-0

k=)

'\\ 1 L&?&‘X = %\ 1 T(\H\m""}
5 tzo E et

v

STEF 5 ' Compue X Tx As
| b

MOH"LL, N ox\wm&s | on it e SCﬁWU\'\' Then \c'rjﬁﬂ-'-‘t.,.

(D= , |
\jur\ 4 ' \Cor -' \é 'l:, é’ Z
, b2 oo 1
Pﬁéi«i‘ﬁ & s Y 'N N %‘2 dt = @t—y :r—i\
12 | \

Qo j‘(ﬂ =

STEP W,
31&3\5” XM& ¥\ Teds = S_E.i-\. +7 }

- G\ C-L l




Ve con o\so  deline \\ne_ ;r\'\e3fc«\$ tutHA f‘%@&'\' o X
and e ‘ ' 5
i —3 : _&3 RS, we mean , instead ot

S‘Amm“"‘j Qs “\’o“ows :

Z?(,( j)AS

(.—«\

We Wom‘\‘ '\’o S u M w}‘\\’k refseu)&‘ ‘\0 C\'\O\ﬂgt) ‘m 5
oc B
3 N
2 ¥(,)(:.3:\o A)(C O_E
L=\

TQ\{_:\(\E \\\N\'\\ﬁ' W 3@;\- *\'wo e \{\(\Q, &(a'(.jﬁa\S:

S fts) o E Puxgp dy

C
% | C
‘!\f\L (\(Y\{fa\"‘o«\ WP\S(\!\ ”‘\‘\L \(\*{ﬁ(m\ W\'\W\

respeck do % res|ectr o j



W \‘\3& do \300\ (,;:;ﬂ\()m\—g, 'H\Lg{, 7‘7.
AS \02.;’0‘1) W< ﬁQQD\ ’N Pa&mm?)rr('tod\fan ovt ‘Hr\&, CVJVL C.,

e o i;i’) br aeteb
T»\Q,‘(\ S 5 —H.» ; b\\
By ~' < [thinke Tu-on
rﬁfM “lee '\I\%J:)m\ TN H»Qu;\* ok //) i
~b /o
SQM\ o = X ‘}Uu\ u)m\ xm r){ ~
C R |
_D___E_E‘ : \\ne. \r\ﬂ_ﬁm\ ¥k N,sgw-} o ‘j\\
teb
g Qu,»)\ 513 = S £ (xw, 30&} ~3‘M dt
& o

REMARK Somd"m%, we W\ e \nYee sted 1 QoM(M’\";f‘j
sumdr\«imj \\ke

S P dx y Qo 0X3 |
C

W CXO "\’\I\'tb \O\j \ 6*‘*‘"3
X Pudax + Qugdy = \Pu,»}o\* + (\Q g dy
C | C C ‘

C)K(\tx COMQWH(\& \\' \9‘\3 U\Sllf\ﬂ '\'LL \Ooﬁe—a qM*‘{Mﬁ e:A,b’OVC_



EYALLE 3

S Cax + XA ‘ »
C ‘3 X X j ; whese C, A -\—LL \iae %m/\+
fom (5D 4 (0,2), |

STER \ % Drow,!
' ) o,z

e A

(=59

STEP 7— ' @O\FO\MU{Q '\'\'\L \\(\L i+ '\So“{' +he 'CDIV’"‘
vy = Gf +h -
e =k 1o\

l;of Come o b, ¢, O\ Fea Yrem' A%U\W\(

o €20, weoar at Yoo s-\—o\r*mﬁ (Jo'fef 6579,

au\& at t= V) owe art at e Q“A‘"j P°”’ (o,z\
WQ\ ::ﬁ and 5“0\) "‘°~O+\i: 7 //
= =S /
Aﬁ& SRR 1 |
MU?\ :':ﬂ ath %\3&%\ fO+§
= dx -3,
TMI we_ Lnow
H= at -5



o !\\*‘(‘6 a oma C ) WS 3\/\&0‘\'\\&/ —Cu()v wt.kﬂowl

aY L=\, W arc o X(OLgﬁ

¢ /
X (N = O/ oA X (I\ = Qel - S

[ »0sas=
3(\332 ano\ \JU\: c-\-=-3

LS

= L=cC-5 =

(Xt Jr-5
?ju\ﬁt% oo

( A\%—um%’dj, You mMay cemembes from 0&\0‘“?’“‘*5 (ours,

O\‘Qper\rxrncs oN \/)ow A’ was '\‘0\\)\3\'\*‘.

e for Lumtof +mm fhosizontal

e ke dy®
: SF\*"‘S‘\'&F‘ ‘\J -Po.f#

4= & -3¢
‘—\\“‘"bj g-o! ‘um\\'o""hm{ VQ/‘*'&\ >
thoct‘b

Y @lvﬁ and C,\wa‘

\ 4= [Mﬁ‘ﬂ \(‘P“g 6)2\:“ \L_\J‘H\ S
SL ‘ﬁ* *’*‘Xn - 3 b’c—s) Sat + (SG«S)SAt



k=)

= | (st + Gts)) -Sat
t=o

S (’Lﬁ’c”‘«b’c ForSt -5) T At

1Y)

3 £=)
: G erk . 7'2‘5, +L\’c]

{=0
<[5

e (S?-B'-»?'\\j‘

o b o)

1

= T2
b
TxAukLE Y \ 3‘&7\ -Hké\t) ) (o e el of e
C P&(‘ﬂ.\oo\o\ )(:L\—\j-" from
5D Yo (O,’l\.
e,

Bﬂkw \. R\c};z')

C 5%

‘j\’ﬁ‘? [ Q«MY‘YA\F'&( L C_’\g-\—\,\L Cutv L >(=L\'~§LJ o

‘&"w \-Q)r :.t ._L__.L
\ e \j ).\'\,\w %v\t—\



il ((xu\= Y - e LB ERICTL

: ; \ju} = % | y\
” | o 1 ot {”ﬂ "’S
And & 4o Leom what o whet ! Netia | 4 STr ]

ar =S and does Yo T onth Curve - ““~-»~M.,,,,_,,,_",M—«f‘/

STE? 5 P\U”S ano '()M_S\

! ) |
' S.t %Y [&3 {\jﬁf

(t)(ztm.e yo(4-) (1) ot
53 ‘

T s el
<

-':7‘—1
= —t "t‘,’
| ,i-‘c\ DR A

=3

T ( (J% +3 ‘33\) . ('—3—1\ -\i+°\\3

N @), T Y lost fwo eramp kS, Yhe \ine 1 n*eﬁco.\

woas e Sang, Q,xuz«())r C wWas a,dima&ﬂsf Pa«“ﬂf\ \oei“wee,n

'(’3‘,"3\ and  (0,2).

\N X L'\'\ = ‘[ ;(t'“



This  means e \a %e/ne,m\ ., when com(m:\\% | ne. ;r\'\'ﬁﬁ“‘q\S}
the Value D'F'\)L\L line \n‘k&rc\\ 15 dax)_u\o\m* on the path
befueen *uo pons) |

Howeves,  Yhet o Gpedal  condd i which W\ taute the
lne intesol fo be \ndegendent of Hhe path...

REMARK Tn addiion , Dot Mo Preo \ast dwo

emm@\';s &«.Qeo&w) on Yhe Airection
Pk Per Caeves  wese Qamvv'\e)rr'\téﬁ , M€
\n both examples | we stackd o (-5,3)
and  went o, (0,0

BYXERLTSE  Work Y \ask Ywo examples with a
revgrd  orivtaton /J\rw\ﬂm (s¥art ot

(o) and 40 to (-5, } You

W\ R |

g C\ru@ ax = %Sﬂ’%‘ﬁ\a*

W GTATION foc B C
m ( N———— C’

M diredion




Aad

il - Fiple

-C C

| EXERCTSE 1o Y Same droe For S%c,u)\ Ao
C
\)\)\nﬁ of w‘ﬂb Y\c‘\”v

\
) . B
-] - - - e

Eing j:n*u\ro\\g \n Opse (watt. arc \emj*\'\\

k=%

\*3 \ ,‘,ﬁﬁﬂ'_e\ Ab - \ % (,)(Qf\ \3&\ %(:\’33'“ (ﬂ\ g (\j (;\'5 i Et ‘:ﬁ} dt

C -

e G s paramdrieed by

4 faa)
‘( Yy Lor ast b
T ,

EERLISE ot EXAMPBLES  and BXMWRLE (5 i
P Yy (W62

Ke,j \)arm:_:\ﬂ% f‘j a (,thm %b 5(““-»
(EXAMPLEG)



RYYS ’in‘rﬂo& oNneS \]6(:\‘0( FO\CXS

We mow on Ao e \ask tyge of ling inbegral Twe
Wi\ 53“*')\‘3 )/ o line ’m\tram\ NS o vedor §dd. At »{3.‘}34*/

Py oW geewn anr e Yo Lhat e ')ub* 0\\‘3, bat
s adwdly very cated ... i we b\ see at Hha

QW()\ 0# EEVIN Se,(,"'?on .

T\’\r‘v QM‘V 0’;' 3(\«. \z,c,:‘rwc, ndes  olerts on —R, next-
pang - There 15 o Widep lectwe on Canas

(PO\V\OQ\'D\ Trerr 3@5 wrn W :

Exel(ISE Wadda e video leckwe \.




Lo ]n\c{fa\s over Vedor Felds

dor ),
\x;\\ ‘o W’A L

e & '{ (‘UX :

——

B e iia W\\

F t*/‘jf f‘v

¥ x
pt (e EHR S )

Qustion L How mddh wosrk dyes i foree £etd

&0 Sy G P“"W’CLL?

Rem W= F.T
S s flacmed verdor

it o s
eSS e As ) T

o N v g e
Sl piter \’;“ Th d:’U‘"“Zo/\ ot Hle

ANKIRITHIN L toegnt \eetar |

( \Lr\s\"« o‘p | PL 0\.\90\1(.3

2 ye Lo, g 2H)

é\O/ L y \/ TH\ Wiyt h

=N also !,
W ZF(XK Y. l&mut)és\

(,>\



T‘A\J‘P‘) o Vit as our pleees gt small od smeller ..

W= | Rigm- Toyds
e
" e
= ? F-Tds
C

%

Worke s e line inkora @l*\r\ rcs(n_d o e lenjﬂ\

ob #o ool compomnt o e fore

( ‘ Bt E\? S R
,, 3 | (%)
<2 \!J | e*/_{% ) ¥

I‘F Pl Cun C, N 3'!\/0\ \Oj o vetor {,ctucjwr\

?(‘k}t L) N+ \SH\’)\ _}?H\L\} +n

— )
TU'B = F So
\ r(+\\

2% o Ussub i m'
e S r(ﬂﬂ‘) C)ldt N QF(rm Pl K

)

4 =



/ATLL \%&,;“kﬂ“i of akml C,\\

J .(.-*"—“"

DER

——

uo‘\g‘ﬂ"(

"
: t= b :
=0V 8 2 ’
g Fed? = S Flre)-2w gt = gﬁ.ﬂs
C t= & | C
L

{

(“F\r\:) ;5 T Bin for
(_O(vaw‘\*\*:org th:5+ D'L
CHe e )

\JFUL) WL A sSame E S 0} coz\”\:nuogA vedor ‘p"dd Mf‘f*ﬁﬁ’

00 A smolifh Cwit R4y p¢ ¢ ek
Tt

wugﬂQFWA

EcAMPLE S Red e wok dow b " By = @4«
4 /Lj~)<l-yj‘)

N W)ov\‘,\,] o\Pd'\’l'{w O\\OI‘J (oY C(/M@\"+U— C:l‘d«&

v () :Qbiilanfﬁ PR ot A S i L

Alt) )
FEW) = sw T - astut
uf; Ly
T P L Cost G
Theo | P = ="
S ‘? dr = SF(F‘M . T“_‘(OB at = %(’Zﬁﬂﬂ oM E)‘J!C
C

t=v t=o



iy

- N
, ?06‘7%‘ Ny

\e

Exaise < (omple Hh trample abov it & revestd  or odden

=
CDoes P answs Make  senc

\

\’\)\/\j ()otg orU\k‘rm M‘-HV har€  ewen 'H“WSL\

WA Cen Wf\\{ A as an m\—ccar-x\ W iTh &5()<¢_~|~

'b e \603\'1/\ '2,

RE MAR W ek 1S e commckon  hhwun' Staler
| \\t\L \(\kﬁ dy  and »I\Sr?.% redy oves Veekos '{\d&‘s‘
[K— ' s — a 2/\
‘ = (\ > = - ) ~ \rf.
S Fde =\ FlRw) Pl dt N e et
\ e A R OO
. vins {yw,gu) ei))
: S W? r QF +\2@-< XM 1+ cj‘m £t z'(HTzUJC
P xey, i) 20 ) - X 1) dt +. QG 94w, w\\- "Wt + Kl G 2 )z wH
e i { y
5#2\,

C

gP(‘ﬁ.\J),l\O\% L &LXl‘jl%\a&j t Q(X,(j,"-k\al?:



