MATH 308 O
Final Exam
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Name

Student ID #

HONOR STATEMENT
“I affirm that my work upholds the highest standards of honesty and academic integrity at the

University of Washington, and that I have neither given nor received any unauthorized assistance
on this exam.”

SIGNATURE:

SOoLUWTIONS!

1 16
2 8
3 18
4 12
5 16
Bonus | 5
Total | 70

Your exam should consist of this cover sheet, followed by 4 problems and a bonus question.
Check that you have a complete exam.

e Pace yourself. You have 110 minutes to complete the exam and there are 5 problems. Try
not to spend more than 20 minutes on each problem. You will have 10 minutes at the end
of the exam to upload your solutions to Gradescope.

e Show all your work and justify your answers.

e Your answers should be exact values rather than decimal approximations. (For example, %
is an exact answer and is preferable to its decimal approximation 0.7854.)

e This is an open book exam, however, you are not allowed to collaborate with anyone.

e There are multiple versions of the exam, you have signed an honor statement, and cheating
is a hassle for everyone involved. DO NOT CHEAT.

e Turn your cell phone OFF and put it AWAY for the duration of the exam.

GOOD LUCK!
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1. Construct examples. If you are asked to prf)vide an example and there is no such example
write NOT POSSIBLE. No justification required. )

(a) (2 points) Give an example of a matrix A that represents the following transforma-

tion.

Nor pos%; e,

(b) (2 points) Give an example of a set of linearly dependent vectors in R® such that
when you remove any one of the vectors, the remaining set is linearly independent and

spans R.

RREREREY

(c) (2 points) Give an example of a 3 x 3 matrix A with eigenvalues 1 and —4, where
rank(A) = 2.

O o o
A" o | 0O
O O M
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Short Answer Questions.
r 1 1 1 ¥ —
(d) (4 points) Let ¥ = [ ] Find a basis % such that [Z]4 = [ 21]. Reminder: A basic

is a set of vectors, not a matrix.

Wt > R, U5, vt bor U L4, \)‘Ll \x Ub&%

N U ]

0 wt Aeed -o +2b = | \ M&J L\\O\Y&S H)CL\DN, 4o
ceeacd . BN s (5/-\\«\ az"l = U=

Lk 9=\, *hen (22

w%%ﬁﬁ

(e) (6 points) Fill in the blanks. Assume p(A\) = (A)(A + 2)2(A — 2)(\ + 4)* is the
characteristic polynomial of a matrix A. Then

i. Aisa 7’ X s matrix.
ii. The eigenvalues of A are O’. -1 , 2 )' 4
iii. Is A invertible? Justify your answer.

MO, 'X:O O Q‘t»a,u\w\\v\( )
A's o iawieu

\03 Fla U\m@\jl; rey Thcore ™,

iv. Is A guaranteed to be diagonalizable? If so, justify your answer. If not, explain
what you would need to know to guarantee 2 is diagonalizable.

A ) (\a 314“4‘/\*?,8\ Yo \OL A| %om\'i‘:“b\& \0 3“010\’\*{(;
'\'\N/@v A N cjovjonq\c%«b\l we  would need Yo know That

(wxms‘ﬂ\(f, CO\\‘cseoc\()fﬁ Yo Q\oamw\\ug Z} WS 2_ aw\c.nsma\

“”‘)\ E, (etgﬂspmhrms‘m& Yo e»%mw\\u "15 5 5 A nansine

(V"““\\ Bp, By ace NMSS&'\; one é\nmms'ord\ Then &Mﬁona\nw"‘j
\8 cy.-u«mr\'\e,ec)\ \oj a Theaem!



Math 308 O — Spring 2020 3

2. (# Points) Let A and B be n X n matrices, and determine if the following sets are subspaces
of R".

(a) S ={7eR": A% = ABU}
o=9eR: AY -ABI=DS
o 53 % (A 4BV =0
P S '\5 LANE A\ S(““" ot <A’Z-Ag\, onh ‘DBA'Q\MUCM,
)

;‘r\ @ Au\\ S{JAU—S ave su\oseu%/ S 1\ a Su\‘ogglu\”

(b) S= {6’6R”:A2“—Ii/(’7i/ﬁf o= (arst

5- el AT TS
. 6 ¢6 éln&

Sll& f_\g_'\: a S“bsfﬂw.

T

S )

(A\WM*NL\3> - S
S: %7-\} t\kﬂ " Al'\T‘Q.\“US
QSCS LR /‘\8 f#e\.
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3. (a) (2 points) Produce a 2 x 2 matrix that reflects R? over the y-axis. Call this matrix S.

\4_ e PN G0
157

(b) (2 points) Produce a 2 x 2 matrix that rotates R? by 90 degrees (§ radians) counter-
clockwise. Call this matrix R.

Log(ﬂt\ S0 (I—Ip\ o -
Sm(}LS (Obwi\ ' 0

s Re|S )

(c) (2 points) Compute the matrix that represents a reflection of R? over the y-axis then a

rotation by 90 degrees counter-clockwise,\i Call this matrix C.

2030 - 5 6]

ot

ol 5

¢!

(O‘V(]}L\"

(d) (2 points) Compute the matrix that represents a rotation of R? by 90 degrees clockwise,

then a reflection over the y-ams,—Call this matrix D.
. - ©
Clodiwise (Stadhon 103 C(Q : R - X -\ IO—&

O \ O =\ 0
- =L
K-\ oX -\ O

{ o* e
-\

S ©
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(e) (4 points) Complete the following drawings. Show where the unit square gets
and draw F with the correct orientation on the new square. Ma’?rix ngS s mapped
matrix from part (c), and matrix D denotes the matrix from part (d) enotes the

CX |
I_(—- -
F
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6

(f) (1 point) What relationship do C' and D have? What does t}
' i - 1at 1 g
Express the relationship between S and R nean about S and R?

=D, o RS= 5K

(g) (1 point) What happens if you apply the matrix .5 twice? Use geometric intuition first
and write out what you think will happen, then compute S? to justify.

S 0, a rekledany o wt thoud) get Tt \m‘r-«\-ﬂ. (M\w;3 Jun et
YoleeS yow back Yo Wht JW\ ¢terted! 5

2

@ -\ 0
1’
STlo c)t&

€=\

U

Y

(h)

) (4 points) Use part (f) and part (g) to simplify the following expression as much as
possible: SRSRSRSRSRSRS.

-4 o% “355 %S Sk g %S 79: j"’;ﬁ r:\sivgrj
. \ / /b g § np:w;‘;,.\,({, Cooh i
- 5554235 e ok O,
F=T
= %‘L 51 S'L S , 51: I'z

Libs
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4 Let A be a3 x 3 matrix that satisfies the equation

AP 4+2A7 - T=0

(a) (4 points) Show that the matrices A and A + 2] are invertible.
Medlpel 2

N\Q_\\Aé\\'- A‘S*‘Zﬂi‘l‘—o
RO FARYY G
(.Y": aé'.\(\v\\ / \)
z >
AR TE A (arzm)= L
/
A\:lj.lﬂﬁ"“b\i and (A 'Z'S:) » \r\UU'\\\\v\c.

a««)/\"m

ATl A"‘-\'? A s AW
um %w vaSQ.,

(b) (4 points) If det(A) = V/3, what is the det(A + 21)?
ay  dooVL 10 we il

S At (A¥IDY: T,

der (A dex (R) dek(A+2T) = e (1) =)
(D) () det (A2
et (A+21 3

w"p (¢) (4 points) Explain why —2 is not an eigenvalue of A.
Hen Them wontd necessm_s be a ny\-?uo

&V\* *V\*S Meang

wa ‘&*\ If -2 wut an E.ttalf\%\“t,

(@
"5‘; e\caq ek U e Ay AN 23?
X-“;;‘ S\ - -
\:)‘"bﬁtf\) Aﬁ VO >
: AR+ 2TTE0
LA*'ZK)'\’i =Q

ey PEPNPGIEA ;.;\A-»ons

AxTE s net Lavgtell bt

e see s consehids part ()

=1

AY 4247 = T

A (Av2I)= T

D1 de (AR (Av21)) = AT
Ax (Y der(Aty = )

et (Ry et (R det(M2T) =)

PITICAY OIS det (A+2D) $0,
0 % the Um{s:’vb ‘\’\'\LON-W%)
A od AY2L o€ Ui\

o all (A+2D) # §08,  Thh means
H:\L O\nr‘jlfj Yhoore

SN M(Af D =3 +Q,
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5. A linear transformation 7" :— R* — R3? has the following properties:

1 0
e The vector | 0] is in the range(T"), but |—1| is not.
2 1
1 -1
.o } 1 2
e The vectors 7 = |, and U, = 0 both satisfy T'(v7) = T'(v2) = |1].
2
0 0

Answer the following questions about 7'. Justify your answers. And do not try to find
the matrix representing 7.

(a) (1 point) Is T' one-to-one?
M'D, ._3‘ an '\31_ Map to th Same vector,

(b) (1 point) Is 7" onto?
1 "1 P RV 1Y X{,C\'\) $o O Ca\j'm@* Le onto,

(¢) (2 points) Determine the dim(range(T")).
Dm (q‘aw\c ) # Y g | s net oal. T+ s oflecsy 2 g,'ma.

“:& wnd V;& are. st 1N mw,u}) and form o Hnw‘\j vadege adeAH

LRI AR

T\v‘&) ‘(x\m (@‘\r% (_‘\'\\ .
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(d) (2 points) Find a basis for range(7').

%( \ NuS+ Co'\'\'wf\ 2 %\LN\\S ‘,I,ALL J:m C/W"'}(_(,T)\ =2 .
ange (T

¥ ‘ Y‘ g , ol doseeded b
Sina %X %&/ 2 15 lineorlq \a00@R

(QL(. ‘70\(-\— ) ,

we. (N P‘LK

Byt § 120, 15

(e) (3 points) Find a nonzero vector i such that T(Z) = 0.

)
- 9 -7__5
NO"'\L', T(G‘\ —TL\)-‘,') = \»‘Z‘?r&’\,"b_& - O
v cL
=TC$."—31\} &0 T(v‘-\)-,\zo.

s \ -\ A

-~ - -\

X = N, "Np = X?X'\IBX' \1
O 0

(f) (3 points) Is your answer from part (e) a basis for ker(T')

No., The ot TZX’;{}% Iy hN.a(\J ;bdq)&(\()\(_{\'lr (bc}(ﬂ
S

by e fonnle ~ntlihy Theotw,

\v_é\, vt

Pl

2

noo-zess) bt
e cgm({wy;(,'r\\) >,
i (e (0))  +him (Kes (MY =4, e
Jim (ko €YY = 2

ard WL See that we need ot
\ ( in A bﬂS’lS 'Fo/
\gast Fwo \meu\J md\&gU‘-(XM*VCCH'S !

ker(T),
2
(g) (4 points) Find another vector @ that is not ¥ or ¥, such that 7'(w) = [1].
(Mo GAAuns! Hel' o0 2
Tore U, ard «dd avedosr from Tho nal\ spuce
(QQ.(«\\\ ) -)-(.a = '{?*ik

\ Q\ner
)

2 =
-ﬂ@kuu\j
2 N
1 3 . 133_ o gl
- - —_- { Y -3
‘m\« W= %\ ‘\’\)L\ ‘-\.{\ (\b\.\va'“. T("'*LX
0 0 ol

—
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BONUS: The transpose operation is a linear transformation on n x n matrices. By "linear
transformation on n x n matrices” we mean that the transpose operation satisfies the two
usual conditions in the definition, but instead of applying the transformation to a vector, we

can apply it to a matrix.

(a) (1 point) Show that the transpose operation is a linear transformation on n x n matrices.
P TR
© (B A =B A
@ ((A>‘ = ¢ ( A"' ‘) ‘ Qto{;;.rfcs & e ‘\““‘"’*PM.

(b) (4 points) Since the transpose is a linear transformation, we can find a matrix that
represents it. However, that requires understanding that a collection of m x m matrices
can be thought of as some R". Find a matrix that represents this linear transformation
on 2 x 2 matrices. Hint: Can you write the matrix as a vector somehow? You must
choose a basis. (No credit will be awarded if it is not clear what basis you have chosen.)

a b T a C
Le® A"ic& ' Twn A "&b AX.
To twnw ot A wy aner L Plee
L o] 0\& XOONX oc,i
6%7-7\1 zloo&/\/oo I \ | ] ’
7 .
baS.'S 40/' 2%2 M(«*“%t
\ O o\ OO\& 4 Cxio 01
Then A.'VLS\ "“Xoo\&*k&oolx*cﬁ/\o o1},
ond, {A‘S"- o“; TL{)&% Ho madik . Thn  we want a
C
&6270.

A4 A ] -
;’\27" . R b ¢ - A
lineer  ttawns for tnetion 5@&"‘3 S'Alﬁ _ 3 hc)s i l%uz '

*

P:C\‘s'

\ O O 9

O o\ o _ T
M=o o 0 Yo M QA]‘BM - 1’6\ l%zrz,

O o 0 |\



