MATH 308 F
Final Exam
July 22, 2020

Name

Student ID #

HONOR STATEMENT
“I affirm that my work upholds the highest standards of honesty and academic integrity at the
University of Washington, and that I have neither given nor received any unauthorized assistance
on this exam.”

SIGNATURE:
SOLUTIONS !

1 9

2 14

3 12

4 10

5 6

6 13

7 16
Bonus | 8
Total | 80

e Your exam should consist of this cover sheet, followed by 7 problems and a bonus. Check
that you have a complete exam.

e Pace yourself. You have 120 minutes to complete the exam and there are 7 problems. Try
not to spend more than 15 minutes on each problem. You will have 10 minutes at the end
of the exam to upload your solutions to Gradescope.

e Show all your work and justify your answers.

e Your answers should be exact values rather than decimal approximations. (For example, §
is an exact answer and is preferable to its decimal approximation 0.7854.)

e This is an open book exam, however, you are not allowed to collaborate with anyone.

e There are multiple versions of the exam, you have signed an honor statement, and cheating
is a hassle for everyone involved. DO NOT CHEAT.

e Turn your cell phone OFF and put it AWAY for the duration of the exam.

GOOD LUCK!
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1. (9 Points) Clearly indicate whether the statement is true or false. Justify your answer.
You may cite properties from theorems. Remember that for a statement to be true, it must
be true under all possible scenarios (there can be no counterexample).

(a) TRUE / FALSE R* is a subspace of R°.

Fale (\lq s Adr a subsek ot Rq.
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(b) TRUE / FALSE Let X be an eigenvalue of an n x n matrix A. Then M is an
eigenvalue of A%.
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(c) TRUE / FALSE For any n x n matrix A, if det(4) > 0, then each n — 1 xn —1
minor is also positive.
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2. (14 points) Construct an example. If there is no such example, write NOT POSSIBLE and

Jjustify your answer. If you provide an example, you do not need to justify that your
example satisfies the desired conditions, but do show all of your work

(a) Construct an example of a 3 X 4 matrix A and a 4 x 3 matrix B such that the linear
transformation represented by the matrix AB is onto
/ﬂ - \ 0o

o1 ©
00|

© | . |V OO
538 (v A& [522].)
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transformation represented by the matrix BA is onto.

(b) Construct an example of a 3 x 4 matrix A and a 4 x 3 matrix B such that the linear
Not PossTbLE
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(c) Construct an example of a 2 X 2 matrix with no real eigenvalues

(2. rerckion)
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(d) Construct an example of a linear transformation 7' : R* — R* such that the kernel
of T is the same set of vectors in R* as the range of T'
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3. (12 Points) Let A be an n x n matrix with characteristic polynomial

paA) = (A+1)" (A =2)3(A +4)(A +5)
Answer the following questions with justification.

(a) What is n? (Aisn x n.)
N=\¢ (duyre of ¥ (\,\muw;)\i\po\jnam'w\x

(b) Compute the determinant of A.
Recal Pkm\ = et (A-2D) ;| ® By (D)= AdUY

WO Py s = -0

(c) What is the largest possible value for rank(A — 21,,)? ,
fane(A=2T,) = dim (ol (A-25)), Netie, A (0N (A-2T)) = clim (B, ).
Sae dim (EB,) £ maltio\itty ot 2 ,  We feow (\.A\\\\rt:) (A2x)= d.M(E;\ £3,
() #O sine euprspey must cottmrn 00A-TIS veehls, They |, e
smallest aullty of (4 2T) wold el By rank-nallily, Sine
fonle( h-21.) ~+ pa\\iy (A<2X,.) = 1T, A larges™® ranke wonled  be H,

(d) What is the smallest possible value for nullity(A + 41,,)?
Notil  {hnt 'Ab"( 'S an e,'\%qu\ﬂt O+ MuH’;e‘lL:h" \/ and ange A“\\%(A*HIA\
= A (aN(A+4ID) = Qi (E) € maltipittyot M=\ e e fhet

ooy (AT € 1, toweis, axli CATYELY cannst be O oina

o eipn spaa mudt wntmn  on-Tvo Verbls, Tws T sealest posshle

Jalw fo) m\\'\\'p (A+4IDN s L
(e) What is the largest possible value for nullity(A — I,,)?

The \wo(.s-k Poss'.\o\k volut for (\u\\\\“'g ot A"In s O,

beiauyt J\vw'&, Polirsy ALY = die (aa\ (A=I)) 29, cani e
traans At exls non-Tuo Netors T el (A-L)  which means
2=l N an el velut bet we can et 14 1y not (’_‘J look.':y at PA (A)

(f) Let B be an n X n matrix such that the value of its characteristic polynomial pgz())
evaluated at 0 is —160. In other words, pp(0) = —160. Is it possible that B = AT?
Why or why not?

From e b) e\l Hank P&( N = =10 = det (®) sine Ak (A= ’l(gD)

and der(A) =det (AT) | it s pussible,
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4. Let A = [Ei] ay a3 64] be a matrix equivalent to the following matrix:

1 -1 1 -3
0 0 2 -6
0 0 0 O
0 0 0 O
P‘b(-. ?b\

(a) (2 points) Generate a basis for the column space of A.

A =
M Obco\\k\ 20' 0 -g

R
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(b) (2 points) Generate a basis for the row space of A.

0
Mednad | (;
pO\ a0 1U° rW (A\ -b
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o
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(c) (6 points) Generate a basis for the column space of A that includes the vector dj + d.
Show all of your steps and justify your answer. If this is not possible, explain why.

Fiest, nobin a’.*a,& col(A)  sru b v a linter combinatin ot column vectors
Next | noice 9B 4,0 CGT B fom puta Rl Aim (a1(AY) = 2,
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5. (6 points) For what values of ¢ is the
values of ¢ does the set span R3? Jus

following set of vectors linearly dependent? For what
tify your answer,

1 1 0
'U_i: 8 ,'U-é= C ,'U?;= cl.
C 0 4
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C o 4 )
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6. (13 points) Let p(z) = az®+bz+c denote an arbitrary polynomial of degree 2, with constants
a, b, and c. To each such polynomial, associate the vector

a
az® + bz + c +— [b] eR3
c

Let T : R® — R3 be the transformation T'(p(z)) = p'(z).

—

(a) Find a matrix A that represents the linear transformation 7', i.e. so that 7'(Z) = AZ.
(If this is possible, this means that 7" is a linear transformation.)

Qg;n'. PN ¢ O\i‘lfﬂg$$( ’—?P'U\: 2a X )
o}
So T 4 = KZA
(1) = 5
(o) o) 8 eoo 9] . lo
P IRy N
© (o)

\

I S

(b) Is T one-to-one? If so, justify your answer. If not, find two polynomials that get sent
to the same polynomial.

e

t VS ask One - Yo-one Let FL%\ > )(?'4» | é({(;q:'. )'(IX'?_ ,
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(c) Is T onto? If so, justify your answer. If not, find a polynomial that is not in the range
of T.

Mo’ T W g oo, Pu\; X% A% At v fﬂma,(, ok T'.

@Az, AL %]

]

|
chmd' p\'(,k. [ :K % ﬁh»ﬁ'A,[;] :.Iaa]
C .

(d) What is A%2? A3? A*? How does that relate to the idea of a derivative? Explain your
answer.

o) ~ ooo DOO a [+}
2. ?_oz ig% =|00o0 ~ o0 ° b’&;lo
A' ov o 10 20 p 20w \|le 2a

QM"'\‘ axty by+¢C

L1922 - - Fweo
A h 5 1 £ (%) Bun pplictioot A iy
lika Aode, ry @ W\“d"\&«
%o AT qivs to 2 Aol g
A5 twed, acd AT 1k
fouriin.
(e) Describe the behavior of A geometrically. What does it do to the vectors in R3?

Mkf\i ed‘;ﬁ\)\L a,\%.
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7. (16 points)

-1 3
-2 - - ) LR - - LT - LA, WS = (21=-4)0-2) = O
det \ 2 3_)\ (22) =1 =a=Caedt=( = 7 4 (3-10-2

(a) Find the all eigenvalues of the matrix A = [ 3 —‘1].

E‘\?AV“\V‘-S \ ;1*“/ pExA

(b) Find an elgenvector correspondmg to each eigenvalue of the matrix. _,

104 (A - HI,)VvO ' 122" (A~ th)v
E R R GRS

L N D N
SRR H I B 32 ¢[1] Cosmma {5 )

i o 3,10

FI~ ‘:\ln J Lf_ltk BT, \

e ettt o e e !

(c) Express each elgenspace as of the span of a set of vectors.

PR -l pel |
e, - sm 11J o s 110

(d) Is the matrix diagonalizable? If so, express the matrix in the form UDU ~1 for some
matrices U and D where D is a diagonal matrix. (Compute U~'.) If not, justify.

e v “ o N % %
ASRANEEY lo 2§ [ ]| N
'\;‘T‘ 1‘1 !

N e

NI RIS
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(e) This part has many steps. On the graph on the left: 1) draw and label the eigenspaces,
2) add the eigenvectors you chose and label them, and 3) draw a parallelogram with
two sides being the eigenvectors. On the graph on the right: 1) draw the eigenspaces,

and 2) draw the image of the parallelogram. /\

P’\

(f) Compute the area of the parallelogram.
AM (Pus\uavlur\\ 3 l:;\ X()‘l \ s ‘ <0’9' -Z’\ 12_ '
)

- 2 ° ° ‘A
3, Ve T l'\ )k \0?»03*'2\1-

[ ]
v 0

(g) Compute the area of the image of the parallelogram.
Are (Pudeloqrm's True ) = | AL v AE | = |0

)
MixAg s | 13E
Vi Y 0
“ 3 ©

~
: 0T 1004+ “ bk

(h) How does the area scale? How is that related to the eigenvalues?
T aca sceles by 8, Tl leogth o cach gide ot the parslicloyen
sery by b rsgecte tigavdul, S M ama swleg by fu Sam
oy Fim ?rackud ot the tyeavalues + 2.4 2 ¢

(i) Compute the determinant of the matrix D from part (d). How is the determinant
related to the eigenvalues?

De“f(b\ = 72-4 = ew«lu#w{ u(fn"«lw;' TL\"S also cup\wu hou
Grea 1S Kol |

( Nshws Db (AN = et (R ,\w‘.}
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(a) (BONUS: 6 points) Recall from M126 that the Taylor series for the exponential

function is e* = )" '", We can use this to define the exponential of a square n x n

matrix A:

where we use the convention that A° = I,,. If possible, use this formula to compute e
where A is the matrix below.

OO =

11
11
01

Show all of your steps, and if needed, explain the result.
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(b) (BONUS: 2 points) Recall that in the beginning of class, we defined elementary row
operations on a matrix for one purpose: to solve an underlying system of equations.
The elementary row operations are exactly the operations that preserve the solution set
to the underlying system of equations. What if we had instead defined these operations
on columns instead of rows? Then the underlying solutions set would change with
each operation, so we would not be able to solve this underlying linear system of
equations using ”column operations.” However, there is a linear system of equations
whose solution set is preserved by column operations. What is it?

T -
Ag=b
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