Lechure Notes © Weeld &7

Cacdinn Ectu}\m\encﬁ and\ bio\jona\ Arjmme s

Ta Fho seb of notes, we will langely teharn o the clefinition,
ﬂ\eorcml e(oo-(l ) s}v\e / extept for when we are in+roduc,{aj

a few pmovﬁ fechnique.,  We w\\ iatedue.  the nghion

of  cacdinal guilen@ | which e S come Fo understan)
65 A4 way of (wﬂﬁ,\ﬁ That can be extended  Jo  counting

o afiate noamke € of ojcf,‘rs. 0F course, £ candina qdwalmce
(m\j disﬁaﬁwa)»@\ betweea  hfferent sizes of flode sets,

aod  peckas Pade efs  ond date sebs b woud not ceally

—\~c“ uly More.  than we,lo\\f‘eowlj know @;I\‘\'\'L sefs  can

e assianul o Si12¢ (1e. +he number of elements) and

‘\!\ﬂf\-\\t S(,\'S are .. wc\\ |'f\+"m‘*€. BV\“'J N‘/\o\'{‘ we wi\\

discovec 1§ thaty  the nation of cardinal etu}\/a’enu, can

help s At ;(\(3\)\'\30\ between  ifferent  “"gizes of imc.'a;b h

) 7

% wioet fucther ado le}ts bejin.



DER
JBE  Lex X ued ¥ be ceks, TF dhee is a lbjection
£.oX =Y then we say Hwt X and Y

ate  Cacdinaly eatu’.va\eni-' od wike X ~Y

Ta othec woords, the existence ot a b:"\e(j(al\ between o sets
tells us  the two ety are caro\im\\j e(u'l\h\eﬂ*‘.

DEY T XNCUJZ: "':"3 Coc some nelN, then we write
IXlzn, ond say that K has gize n, IF
(Xl=n  Gor come nelN, then X i flate .

F)Ja\"f\;ﬁb‘.\. T+ mfjv\¥ look ke U is a defintion that we

a\mmdj have , lowt Fint Tha p(e,\lfm sefof potes,
e caid IXL=n Jusk means X {yafinte set with

n elements ini"(‘. ,Here) we ate -exp\fu‘dj de{)mny
 — le. we are detining how do count The Number

04 elements 0 a st Ln other word$, s 18 what
i"r Neans fo Co*n{'! You asan each elemeat 'n
‘H‘\(’, Sd’ Qﬁac{'lj onhe (\u\mbef/ and euclﬂ element-13

assiﬂr\eo\ a d[Hef‘C/\‘\‘ nomber, 1t 15 a b'.;\(c’r}va mq(;‘,
—




THM U Lk XY, and 2 be sefs,
® XK, for eacn set A (redlexie)
@D TF XY, tea NVX L (sgmede)
) 6 X7 and Yo, then xmZ. (brandtie)

REMARK e alove +heorem is -\-e\\it\j ws that  cacedinel QCLMM‘U'LL

1§ @Fe“&l'\\&, @Ssvnmdfr.'c., and @mns’h%. Nex¥

Week, we wll introduce the notion of an equiwlente

relation , and we il gee Hhat taiy tHheorem 'S +¢llhj w

Hok cardinal e{u}w!encc_ s an eqq'.valence relation.

RE MARK Ay e wil\ see next week, Qttuf\la\en(_..g relotions 5iw_ us o
Hefe,

Wy o* ”cdmgodeln:\ for lack of o bettes +efm.
candhiad ectu}w\mu,wi\\ enable us to Cwlﬁjoff&(' hj curd{m!;b,
Foc fiate sets, condinaliby 18 e ¢ame as “gize.  Ta
othes words , Por fake sefs, Cardinal equvalence ~ caTegofizes
'bj e size, or namber of elements n the set,  One
(ay Yo thide about His iy as follows ! Wf you View
Loke cds thoovgh Hhe lens ot cardinal equinlente,
or “up b cacdind equwlence; e ooy thing o,
con  SeL ploout a e 18 the namber ol elements

IV S You have tuo  Sefs, Say X-"%.\;LJIS, and

- 10, &, /1, qou camet disfigush fhem



Cade)aed €(('\X|V°JM¢¢ mokes them ook the same.

SKQ‘Ld'\ L (OL ()r‘Oo"“\' ot TH’M\ ‘)
Let \Xl Y,and 2 e SQ“CS,

@ Let ¢t X=X denote bhe e by Loncton. Tn the

\as\' ge;\' o“ (\o‘\‘eSl we showeo‘ (’X 'S ‘GL"CCHVQ.
lence, by the definton of cardinal equalene, X~ X

as desiced

@ Assume X~V Then thee exsts a bjectve
Lanckion -p‘-X-——v‘ft Since. £ s byjective, tHhere
exists an 1averse Lanckon {qu ard by a homework_
prodom, (#b, WeekS) ,  we keow +7 1s larjechne,
Dy the defintion of Hhe inverse -Fumhfo/)} L7 v X,
Grace & Ty hyjedtve Y~X, by ouc dedintion oF

(,0\(*0\'1(\0\\ QtulNa\QWLQ, (213 o\cs'med.

@ Assame X ~¥Y and Y~Z, Then thete exit
oyetons FIXDY d g Y7 By
delinton of +he Composte map ﬁo{:c K— 2.

Bj TH'M q’ ‘CI‘DM WCQKS-} Sl'f\(,e, Qow\d j are bb-‘.[,\
b';jufl“t, we can condude 30-(- (\5 ‘ofu\jic‘l‘]\&. ch(,(

/
b dd’[m‘roor\ o‘?’ Cu\rd;no\\ efu,f\lo\(CﬂCQ X’V}
] / S\



REMARK Notite - 4o prove cand it Q@u]\)d\t“& of sefs, we
afe Pro\;;(\j \‘rhe_ ex’\)'{'eﬂ(ﬂ 0# CA b;\:\tcﬂvt qu be,an
e ses Lt apounts 1o construching o ko jesive

Map itk gpien | nfor mation.

Pomework  (Queston

Prove dhat  Ffor fiate oty K and \() X~ and onl:‘ 15 \X\':'(Y(
(\?ou Moy Gssume LEMMA | without P{W‘MA i+, See kelowo for L”""‘“')

- - T e - =

Taf\guv\* g B 3e0n\r\o\e, Pel nuple .
F——
Q\,\es\"'d‘\ (,’N&r\ IS P\NJM& ar\cl 1o phvne Cagel, Coan each

phone 39* e owa case

( surt ... we have C'\WJL\ cases )

Liven G phones and IS cases, can each ghone

ae\' s own C«S']
(“OPQ.-- not u\ou\’k caseS, ...

One of the phon@s will b le ov‘b

0c vt will have an qwkwwcj otel eal
while +(‘j.nj Yo £ two phores In o

Siaﬁ\c cage ... \



The \deo )/\m\'ml bewad  hese C[uesﬁms iy one et e

an  Lormalize and use 1n oar  Math P(oo?&*s, This

s 9ome+hinj colled  +he P';jeOnkOle pr,'/\c{ple,-

p{ 500 hde  Pejact ple

I+ You have N objeds and m contats e +he

OBSU'H; enndd n>m, +hen at lecstone coafmires

Must holdd  more than one oloject,

\A)Q, S\I\ou\b\ be able to provc suchh o statement riao(ouilj' but

to do ok, we neecd +o re wrk  the statement  so
Hed b Ok nicelj v Bia our ( current) +\r\eorj of sets and

(owu (\'\'&"3 .

LEMMA |
Let  X= 9L\/Z/-“; "3 and Y= i‘lzl‘”l MB . If n» m,
'ern +here does no+ exst an irjcc;hVL mq'o )Q'.)(—-V Y




REMRK  Lewnk\ i logaly eivoled fo Lemih T babeo.

(LEW\MA T \s the CO/\J(‘FO\POSH"IVQ.B.

LEMMA 7
Le'+ X= cf.l}’l‘,*—-,'\j a\(\c\ v = %lIZ,_..l m3 ; I’F there eXt)}+5 “n

nyectve. Ma(_) {-’: X — Y: +hen nN&mMm,

Tine pum‘r\*{ni\) we. will prove LEMMA | nekt week., Rk Lo
‘H’\{ J(’\MQ be.'m%, W‘“ W\“ ﬂﬁmm ‘1’0 OWnr 'H/\CO(e‘h'm\ ConsHuLhﬁDr\--

— - - - -

- - — — — —

WAL (umor, 1841)
Foc no oot A s XN;&(X\

(.\'-c Theee 15 no b’i\ed‘:on Lrom X to é()(\, no mattel wonat-

er X we P;(/‘L L)

REMARK  Wotite that THMW & a(se\'nes to amj‘sd‘/ fiate
of othefwise . fowent),  we can prove s theorem

Wi he ma,c\r\if\uj we have bult <o far it we
assume Xis flakes
Fak L0 T& |Xl=n, then BOA(=2" (THM % weekt)

Fut2!  n 2" foral penv.  (Example, weep 3)
(e, ng 2" forall neN)



C‘Omh“\:ﬂj 'pad”s | and 2 fell wy et for Ctﬂ.j £inle set
ANINE AV g \X\-‘Y\, we  have \Xl#\é(x)\ Than,

\Q‘j [fomeworke @u\tsﬁor\l " +Hhele V\c‘,‘ﬁsl we tan Condu.d-t

X s r_\g_*_‘ carc "'\“‘“j etw\m\( n+ o A(.X\

;rM‘W'OVL

( You con check the case of X =¢ independently, o
FackZ  so as b indude n=O.>

Bowever, Yo prove his  chatement Pr e 331\&(‘0\,\
SQ/{')(, we need a New Fechique . Tn some
sense, we can ok of ths new tedhnique  as

o generalization of +he piaeonkolt atincigle, namely

o way to  findl / consttuct  an extra elment (like
how'mo_\ oNn exita objcd- .. st 200w fh ‘Conﬁ/’nﬂS). We_

coll  Fhis s+3\e, of achmen%- o D‘\aﬂor\cd Arjumcni\.

proot: (o6 THM 2)

Le)r X bL a 5&{'; Assum{ ‘Fof Hhe Seake o‘L
Lontadiction  that  there exists o byjection

£ X — A(x),

Defoe a st A coditionly ac follos:



A= ixex : x¢$oqz

This Mj\& ook o bt 0dd) bet i+ does ymake sense. Frese,

€adk % 1¢ an elcmuﬁ'o{lx. The B;'Je,d\'fon s: senA X 4o
an element o0& Hhe Pow@(;d‘} Le. '?C)Q 64%()0. The elements

\n - Hhe POWU ot ale Sulsets o‘p X/ ¢y we tan ask i
MR TSR TN XY Paer\lM cubset, A s then the se b
ol elements x  such that xe (o) where fOC X,

Now, odserve AcX . A contains only elements | n X'

and even it Als empry, @K, This means no
Modter what A ts, i+ is an elemeat 10 the powec setof X,

Since 'Y". X N—%zg()(\ 1§ e b;\‘,(,dﬁbﬂ, +h€‘(. 'S ‘C)cacﬂj
one clement ael  quh Yhat 10(0\\ =A.

Now, we can ask -a c(/“esHon.--‘ 'S QGA?,
( Spead o moment fo Make sufe His  questien makes sense )

Ther  are +po POSQ;UL scenaros | exther ackh or AdA

oY oY
O(ajl %0 --.



@ L OneA) Hrat  means Q¢FCO~\, LCaPA, S0 a¢ A

That ends ;A controdickcon ... S0 ‘H’\!rl case  Is no‘f-'oos's:b’&'.

@I@ ofA, Hear means aef), fon=A, so aeh. .

Ao a con‘\mdidrb/\! The case cannst occur e the)

6”‘(¢ 0ne. ot these o s’rwkw\evﬂs mustH bc—%fue) H/\‘5
l\S oy c@rﬁmdbgh"?"'. Th other wordsl owr 0(‘(7!'/\0\,\
assamption  was Lalse 1 Hhere 15 no hpyechon {lzx—/lﬂ)o,

A

Homwork @u\d\‘fon PA

Prove he -Pollow\’\i stateyrent
For no ser K i¢ there o gurjechve ma 'pf)(-—-lzg(%\‘

(\Mr\*‘- Yoo can almest use +he Same Pfoo“\' as above, but yos

need 0 chunqe a few ko_\, voofdi.)

REMARK  We can ax\wwﬁs find an :A:)ec‘{'x\'ﬁ, maf)
1w — &(X) . Take foa= 9.
This fels us Hhat the prodem with A hective
Map PrXx— &) s that £ camnst be surject® .



We Wil (ome Pack to Hai diaﬂom\ ar_chmanJr at  the end
O‘(\' Hnae notes .

D——E‘: et X be an jnfinte oot We Say X is
Couitalde ¥ X“IN, otherwise we Sag X s

W O connmtulole .

NOTE  Some hoks  wuill also  call fiade sets countnble \.

THWND () 7L is countwile,
@ TH K and ¥ oare countuble, 018 AxY,

@ Toch \ofiade  gubsetr ofa countulde cot-
¢ Countalle

@ @ 18 Countable

5kd’d'\'. We  must ethk.“\’ bdcc#ons o IN for
(\/\
each st above,

D) Consiter T, We will constructa
biecton  §1 N— T, whih wil
ol ws N, ‘Bﬂ THM \@) WL can
ren concdude AN as desired, TF



Yalns  put that  thee arc Mon lagections

we could ronstruct,  Here 1s one

‘?(."\\ = QZ it even
-(2) I s edd

< To j\.\&'\‘l‘{’ﬂ ; we would need to  Show U

IngetNe  and unechNA, This is not

2 oo 'M\M\, bt i reliey on Yechnigres from
ST ot firetk few weeks)) ‘

2 We will start with o cimpler before cloing

the 3emm\ Case, Lot X= N and Y’N
(X acd Y are counteble G nLe X=N~N and ‘fcn\szl\J)
\{7 rexlc&iv} Jie. THe | @.)

We W;\\ LO(\SHULU\' 7y b;\‘\g_c}{w\ &l'. "\)X“\)_a“\)/



S\f\LL NxN (\5 *\I\L QL* o{ all ordQJ‘CA FM,fS \

\ \
\ \\

\ ('
&\,'5\ 13,0 0(3'-5) - -
T B URSA NN
N )3 -

\

We  coan 3!;‘\'0\ HL\\LOHO(\ bj \‘iﬁif\j Hre te lo&'%\'(-(,\ac;/ﬁ’s
i Yhe Qo\,\ow'.qﬁ order

~—

N

b

AN \\aiG
r\ 3\\.‘\’\;
\'\‘\@ o
.

e, Sy =1, F@N=2, fa2)=3 ) et

Fof-bm\’e'j, we can  worte ‘|"‘\"> magp dowon CO"“d‘CL\‘,
F(n,m) = 2 (ntm=2)(atm=1) 40

Now, we just need o shaw £ 1y both 1ajective
and gu\fjcd’?vl—. Ao not Yoo hard to check ...

bt surjecfiity leads to o \nteresting equaton.

PFOV"JLO{ Hacs Clum strue,  woe have  showa that
N0 ~ N, Now we haw. fo do Fhis



for Coumbble X and  countade T

L&X and\ Y be (ountuble sets.,  This  means et
Fhert  exists \o;‘)uhc‘af\s Qx'- X—>MN  avd ‘CY"Y"»N'

Let £ NxN—>N b & yection  (which

e koo exists Lrom Hhe ‘Q:rs'\' Cu&(.\)_ l\)ow, [et

33 X"Y — N be the mMmap defined bj
3(&3\ - -F('Fxm) QY(ﬁ\).

Homewnte Question ™3

S\f\ow Yhat the mMap g abbove 'ls A baed’fm,

Pssaming Ahe homeweotk proklem s fewe s

Comgetes  the Proo'(l v XxY~ N s desiecd.

@ Lot A sean cosntalde gulboset of X’N. e
ole °'ﬂa7r\ Gtarting wﬂj"\ a sim‘oler Case . We
will b X be an acbiaty countmble  ge after
Lwe (Droucz. s for X =N,

(We ol construct o mag 'F" IN ""‘7)r,
Hat s lgective and its Taverse il give us A~ N,



We Wil eed a Few Sty to do 4.

\:q_é—_\_ E\’“‘:\s €\(men‘\'~yr\ A W\ Atinet

Thig s ;MMEA/O\*C from oar defimtioo of sets |

F&‘_f_"_?_—. '° AAB Ywo elements a A can
be ordered, ac in Por aany x‘jeA)
X4y of yex Twis is 1mmedate From
the_ +(‘:Cl'\o‘\‘0f'\j axiom ol fhe b’ﬁ'”’”j _O'A

class  (axioms of .'n+cjus§l ard Fact |,

Fﬁt}- A has a miomal elemert.  This
follass from  an a{\jv\mcn¥ gmilar o the
one we jo\vc at +he end of Week 3
(st he’ Vedhure) o show Hhet @ Finde
oex hay a maxmd gement, Siae
| elN s mamal (thet are 0 NeN such

Hhat n« l)l we cah Ut 'H\fs fo  show
A’ i\ Cnhent the Pmper\nj o+ hawvita e

A e\ement, (Not\-(‘u'ﬁofoq verson '
et neh. T exits gnce A s countmble,

Then fher are ab most (a-1) elements
less fhan n, )



Com b'lf\'mj —Cuch \, T, and 3 el ws we can

COf‘S‘H‘ud- aA ‘p*ncj‘lbf\ U\b;f\n ;(\D\UL\-'\O(\.

Base Cose et N, be the m\n;m«l element ' A

Agsiﬁn -F(I\); N .

Tnduetve Spt Acsume D(K) s assfj'\co\ for some
k2l Leb N be +he least

dement of  SaeA o as {:(k)-i K
— ;ACQKLHULh

Asign Pkl = Newr Yells gou gﬁﬂwd
exists |

Now, nohitt, with ths funddan | (kY ¢ £hs!)

For o\ ¥ . % T Panckon s injective . The

-S;uv\c\;o(\ il also be  gurjective Pz n L wohich

We can Show by nduetof . This means  for any

Mme A, We assianed £em) , acd ener fom) hits

M ch(m\af\\ o ftmyym, i whith case Hhert.

\s some kem  guch that Ple) =m,
T"\\»J 'Q' ’IS e bl‘\jc"ﬁ)n, and AN N,

[\)ow) we (VW\S*’ AM\ w.\\'b\ AN N‘\h}ﬂt'l\'"j COW\%J:)\{



T — ¥ i

X N\ on '\(\-P\n‘\\t SU\'OSC\' ACX. (\.t\ we need

1o consider the cave  whee X# N.)

SILIE A Courtuble | there exiuts a b:\"ﬁcfn’on

{lx CX—> N, We need an order on K, and

we can 1nhery one Prom IN.  Let X\))(-Le)( anch
Say K <& Xe s WCX (x) & \Cx (),  Tn fad, since
A c)(/ we. 1ahert Hhe order 0N A as well for

0,4, €A e say O Lo if Lray ¢ .

Now the prooL Can roceecd as i Hhe previous
case . Dedine £ IN— A Inductiveg wiiny
the order,  then £ ANV L he desned
byectron 4e,|(in3 we A~IN,

@ LC{S‘Hj , to Slrow ‘H’\M“’ @ \$ COU&(\\{'WL‘/&, T We
Shoulck re call that % de‘(onu‘ numbe s can

be. wirtren UmicLU\elj as a Cecluced ‘erdﬂon/

2 whefe e Srm-'resw" (O MdNnon denomma&)r

[



~ L

5T moand n s | 2 iy ceduced, ot 2 isnst)

A~
W

me_l, and e N,

This means  +hetw 18 a map L@y — T <N
qiuen by L2 = (m,n), arouided 38 reduced,
The map s inyectve . f ‘F(%‘\ =¥é-’%‘) , Fhen

@\lf\{3 = (mZ,(\L) ) hence m('\Ll = ﬂ_;\} XS Ags;l‘w‘.

However, the map 18 oot surjective, —ﬁ— 1S
not reduced, <o 9(-&) s not defined (mesnning

e wiss (64 ),

But et s st a prodem. Notie | Fowe
restict ‘P 1o its immgf., e ‘?(@\) Hen the

{‘e,w becomes byeetve Define

9" Q— £(®)

where nj(%\ o DBy, Mo, o ls byechve,

’ﬂ\\\ \S ?]mc\ bCLMASL we have A \D'Qu’\"\VL



"\“e Lrom Q % o antelde st — bj 0, we
\( NOwW %M*' 7L i; COu/\‘!‘klo]( ) \oj (‘Q‘P"C c‘}‘vo n we
k‘(\\')b\) '\/\(\0\'\' l\\) ‘\S (OU/\‘\‘lel{_ (;\C( lNNRJB) a,\d bj

We also need to

. observe that f(Q) is an
@ wie k\(\od ‘\’had" 7[_ A IT\) 1S COWV\‘\‘K b’C. ((infinite subset of ZxN,

f(Q) a countable set. Then
by (3), we see that

}.\ ' - —_ N be o bacd:,vg_ map (wb\:d,\ f(Q) is a countable set.
existe  Linte  LxIN NR\)\, ond  Fake e
(omposition Map hofﬂ v Q—>IN. Gine

»\ o\!\d 3 ale b;‘\]tdﬁ\iﬁ ) THM &4 ’FI‘OM Wee k §

b
L krow \'\vj 18 lanedive ) hence Q ~J

as des]re&! (ATERT COvr\\-vJo\L'.
%)

Negr, we will chow Pt R0 0ot cougtable . Ta

other words | Kis avconttalde,  Le will need %

l'He  Lemma o Shew Jrlds/ and  we il prove

s ab the beqioing of  Next week's lecture nofes

L
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We also need to observe that f(Q) is an infinite subset of ZxN, a countable set. Then by (3), we see that f(Q) is a countable set.
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Homework  Queskon U

(L'e\' A be wn iofiate qubset ota (ountable <t

Show  thak A ( A x7L) 1S wn countable.





