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ABSTRACT. A translation surface is a collection of polygons in R? with an even number of
sides where we identify pairs of parallel edges of equal length by translation. A square-tiled
surface is a special case of a translation surface that arises as a collection of unit squares.
Our focus is on a particular square-tiled surface called Eierlegende Wollmilchsau (EW). As
a surface in R?, a certain subgroup of SL(2,R) maps EW to itself. We investigate how this
group acts on the curves on EW. The representation of this group is called the Kontsevich-
Zorich monodromy group, which is used to study the dynamics of surfaces in the space
of translation surfaces. We also consider countable families of EW’s, and show that their
KZ monodromy groups are non-arithmetic. We work out examples of full KZ monodromy
groups in the cases where this is computationally feasible, and for the general case we use
properties of ramified covers to obtain results for an entire family of translation surfaces.
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1. INTRODUCTION

A translation surface is a collection of polygons in R? with an even number of sides where
we identify pairs of parallel edges of equal length by translation. For example, the torus
(Figure 1) and the double torus (Figure 2) are both translation surfaces. A square-tiled
surface is a translation surface made of a finite collection of unit squares (Figure 3, and
Figure 4).
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FIGURE 1. A square with parallel sides glued together results in a torus.
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FIGURE 2. An octagon with parallel sides glued together results in a double
torus.

We are interested in the moduli space of translation surfaces, therefore we define an equiv-
alence class of translation surfaces. Two translation surfaces are equivalent if one translation
surface can be cut and reglued (by translation) into the other, without rotation, reflection,
or scaling.

\

FIGURE 3. A square-tiled surface (denoted L-Shape) with corresponding
marked sides glued together results in a double torus.
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FIGURE 4. A square-tiled surface with corresponding marked sides glued to-
gether also results in a double torus.

Since a translation surface has a polygonal presentation in R?, one can apply a matrix from
GL(2,R) to the space of translation surfaces. Note that parallel lines remain parallel under
the GL(2,R)-action, hence polygons with pairs of parallel sides are mapped to polygons with
pairs of parallel sides. To preserve the area of a surface, we restrict to the action of SL(2, R).

The stabilizer of the S Ly(R)-action on a surface X is called the Veech group of that surface,
denoted (X). There are surfaces with large Veech groups in the sense that they are lattices
in SLy(R). These surfaces include the square-tiled surfaces.

We observe that [} 1] is an example of a stabilizing element in the Veech group of the unit
torus. Indeed, after applying the element to the surface, we can get an equivalent square-
tiled surface. By cutting and gluing by translation (Figure 5), we can recover the original
polygonal representation of the torus as a translation surface. Moreover, the group SL(2,7Z)
is the Veech group of the square torus.

/[1_1]\& 7 T

FIGURE 5. Applying a stabilizer to the torus, and regluing, results in a torus.

Equivalently, we can define the Veech group of a surface as the collection of derivatives
of the group of affine diffeomorphisms on the surface, denoted A (X). The affine diffeomor-
phisms of a translation surface X are diffeomorphisms of the surface such that the function
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can be represented as a linear map in charts. This perspective of the Veech group is par-
ticularly important to us since most of the complexity of the group of a ne maps of a
square-tiled surface is captured by the collection of derivatives. Indeed, the following is an

exact sequence:

0! Aut(X)! A(X)X® (X)! O

Moreover, the kernel of the derivative mafD is nite and corresponds to the collection of
automorphisms of the translation structure (which act as translations on the surface).

A surface is xed in the moduli space under the action of the Veech group of that surface.
However,A ( X) is a collection of maps on the surface, and consequently, the group acts non-
trivially on homology classes of curves on the underlying surface. Th&@ntsevich Zorich
monodromy groupencodes this information (Sectior??).

In this project, we are interested in a speci ¢ family of square-tiled surfaces that arise as
covers of aEierlegende Wollmilchsau(originally studied in [For06], [HS08]), which we will
call EW for short, (Figure 6). We construct a sequence of surfaces in attempt to nd surfaces
that answer the following question from [GRLS24].

Question 1.1 ([GRLS24]). Do there exist surfaces of arbitrarily large genus with a highly
nonsimple spectrum?

While a lot of research has been done in nding surfaces with a completely degenerate
Lyapunov spectrum, not much is known about surfaces with highly nonsimple Lyapunov
spectrum.

Figure 6. Eierlegende Wollmilchsau. All squares are unit squares. The gap
is there to emphasize that sides A and B are not identi ed.

The main result of our project is partial progress in understanding the Kontsevich Zorich
monodromy groups of the surfaces in this family. In Section 2, we de ne our tools and show
how they are used on EW. In Section 3, we carry out our computations on our family of
surfaces using tools developed in Section 2.

Acknowledgements.  This report is based on work supported by NSF grant DMS-2051032,
which we gratefully acknowledge. We would also like to express special thanks to the De-
partment of Mathematics at Indiana University for hosting the program.
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2. Definitions/Background

We are interested in understanding how the A ne group acts on rst homology group
on particular covers of EW. We de ne the rst homology group of a translation surfacex,
denotedH,(X), as the abelianization of the fundamental group of X, i.efl1(X) := 1(X)?.
Since the Euler characteristic of a translation surfacX is (X) =2 2g, we de ne the
genusto be g. Before introducing the covers we will be studying, we will walk through a
few examples that detail how this action manifests.

We start with a slightly nontrivial surface called the L-Shape surface (Figure 3). Since
L-Shape is genus 2, there are four basis curves in the rst homology group (Figure 7).

Figure 7. L-Shape with basis vectors.

The Veech group of theL-Shape is = H}2];[39li  SL(2;Z). By applying [§%] to
L-Shape, we are in e ect looking at the action of a particular a ne di eomorphism of the
surface, and we can observe how the basis curves change under this map (Figure 8).
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Figure 8. L-Shape, and its basis, acted on by stabiliz¢§ ?].

We write the transformed curves in terms of the basis

~= + +2

Letf;;; g be an ordered basis of the rst homology group, then with respect to this

basis, we encode the induced action of the a ne group as a representation. A ( X) !

End(H1(X;R)). The representation of the element} 2] is
2

3
1000

12_010%_

01 4111 &

2 001

Similarly, 21 - 13
10_%012%_

21 4001 &

0001
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2.1. Decomposition of Hj into H3 Hio). Let X be a squared-tiled surface tiled by
squares. For each squarg wherei 2 f 1;:::;ng, consider the cycles; and ; (Figurg 9).
The gautological plane[GS23],H;!(X ), is the homology group spanned by the cycles
and i. The tautological plane is so named because it duplicates the original information
of the Veech group: any automorphism of the surface will act trivially on the tautological
plane, and any other a ne map will act as its derivative, the Veech group element, on the
tautological plane.

Figure 9. For each squard, we consider the cycles; and ;.

We de ne the zero-holonomy groupHiO)(X) =f 2 HyX)jh; i =0;8 2 HX)g,
whereh; i is the intersection form, which counts the (algebraic) number of intersections
between two curves. Byalgebrai¢ we mean that we not only consider the number of inter-
sections but also consider the orientation of curves at each point of intersection.

Figure 10. h; i =11if and intersect as on the left. h; i = 1if
and intersect as on the right. In short,hi-is a skew-symmetric form.

We note the decomposition
Hi(X) = HE'(X)  HP(X):

Each subspace is invariant under the a ne group ofX. In other words, a curve in the
tautological plane stays in the tautological plane after the action of a stabilizer. The same
holds for the zero-holonomy group. Furthermore, since the representation of the a ne group
respects the intersection form, which is dual to a symplectic (volume) form on the cohomology
side, we have that our representation : A ( X)! SpH.(X;R)), i.e. all of our a ne maps
are represented as a symplectic matrix with respect to the intersection form.

The Kontsevich Zorich monodromy groupis the group generated by the group represen-
tations of the Veech group on the zero-holonomy subspace. From now on, we call ti&
monodromy group
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We will compute the KZ monodromy group of EW. Consider EW with a basis foH £0) (X)
as shown in Figure 11.

Figure 11. EW with basis vectors for the zero-holonomy vector space.

We apply the stabilizer[1 9], and we keep track of how the basis curves move as we reglue
the surface (Figure 12, Figurel3, and Figure 14).
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Figure 12. The action of[1 9] together with regluing instruction to get back
EW.

We observe the following:h 1; ~i =1, h3;~i = 1, hy~i= 1 andh ;5 ~i =1.
Since the intersection form is linear, and-; = ¢, 1+ ¢, 1+ C3 2+ C; 2, we get a system of
equations

cth 1; 1+ &h g qi+ch 1 2i+ch gy 2i =1= h 4~
agh 1, i+ Gh gy i+ ch g 2i+chgy 2i= 1=hg;~i
cth 1; 1i+Gh g di+ch g 2+ chg; 2i = 1=h 5~

cth 1; 1+ &h 1; qi + Gh 1 20+ &h g; 21 =1= h o)~

We conclude that~; = 3( 1+ 1+ 2+ ).
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Figure 13. Applying the gluing instructions from Figure 12, and an auto-
morphism, which xes the bottom left cone point of box 1.

Figure 14. We observe how ; changes by the transformations from Figure
12, and Figure 13.

When performing a similar computation for other basis curves, we calculate that the group
representation of1 9] is

2 3

1 1 1 1
10 _181 1 1 12

11 241 1 1 1

1 1 1 1

Similarly, 2 3
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3. Main results

Figure 15. The curve ~; is superimposed onto EW before transformations
in Figure 12, and Figure 13.

3.1. Our Family of Translation Surfaces. The presentation of EW (Figure 6) that we
are working with lends itself naturally to generalization. EW consists of two sets of four
squares, but we can construct a new surface usimgsets of four squares, with gluing as
follows:

Figure 16. The general gluing pattern for thenth member of our family.

where adjacent vertical edges are glued together (so that one may draw the entire surface as
a single 2 by2n rectangle, without the vertical gaps). Call the surface witm sets of four
squaresX,,, so that EW = X,. Note X, gives the torus.

The surfaceX, has genusy, =2n 1. There are four cone points each with total angle
2n.

3.2. A Zero-Holonomy Basis.  In order to carry out our computations, we need a basis to
work with. In particular, if we nd a basis speci cally for the zero-holonomy subspace (as
opposed to one for the entire homology), this will avoid additional computations. The zero-
holonomy basis we work with can be partitioned into two groups, curves along the center
and curves along the top and bottom. For our curves along the center, we have the following:
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